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For the purpose of approximating the earth potential, LlJ suggests 

following potential: 

the 

(1) 

Here, X, y and z are the Cartesian coordinates of the satellite, z 

is the polar axis, XY is the equatorial plane, f is the coefficient of 

earth’s attraction, M is the mass of the earth and c and u are expressed 

through the values of the earth potential harmonics. The potential (1) 

is equivalent, within the accuracy of three terms of its expansion in a 

series of Legendre polynomials, to the potential of the earth and is the 

best of all known potentials of the earth for accuracy of approximation 

and simplicity of sate11 ite motion investigation. 

Reference [zI considered the polar orbits of satellites with the 

assumption of (1) as the approximating potential with u = 0. 

The potential (1) will be assumed in the following. Following 111 

the variables X, y, z and t will be replaced by h, 1, ID and T by means 

of the relationships 

z = c v/(1 + Ax) (1 - pa) cos w, y = c v-(1 + AZ) (1 - pL2)sinw, 2 = co f clip, 

dt = (ha + pa) dt 

The resulting equations of motion are as follows: 

? 
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w = Cl 
c 

(1’ + p2) dr 

& (1 + k2) (1 - p2) + c5 
50 

t + c4 (3) 

(4) 

where h, cl, c2, c3, c4 and c5 are integration constants, while A,, mu 

and -ro are some initial values for A, P and T. 

The orbits lying in the meridianal planes of the earth will be 

assumed as the polar orbits of the satellite. For such orbits it is re- 
quired that w = mu, i.e. it follows from (4) that cl = 0 and if c5 is 

chosen zero, then y = 0. In this case the location of the satellite is 

determined by the coordinates 

Hence 

x = c *T/(1 + AZ) (1 - p”), z = cu + chp (5) 

XB 

cl (1 + ha) 
+ b - Cd2 x= 1 (2 - cap 

cah2 = P c* (1 - 1’2) 
----=1 

?p’2 

Thus for h = const there is a family of ellipses the center of which 

is displaced from 

the z-axis, while 

follows from this 

c2h2 ‘. R2, with R 

yields 

the center of the earth by a small quantity cu along 

for u = const, there is a family of hyperbolas. It 

that t d < 1, while for real satellites of the earth 

= 6370 km (the radius of the earth). This inequality 

IhI> (6) 

For polar orbits equations (2) and (3) for A and p can be rewritten 

as follows: 

regions of motion. In doing this we will Let us investigate possible 
consider only the satellite orbits, i.e. the orbits in a limited part 

of space not colliding with the earth. 

From the form of equations (7) and (8), it may be concluded that 

only those motions are possible for which the right-hand sides of equa- 

tions (7) and (8) are non-negative. Let us begin with the investigation 
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of the equation for A. Three cases are possible. 

1) The roots of the polynomial q(A) are real and different 

For h > 0 there must be h > al or h < ag. In both cases it appears 

from the geometric meaning of A that, for h > 0, the motion in the pre- 

sent case occurs in the unlimited space (unlimited orbits). For h < 0 

we have a2\( A <aI. 

2) In the case of equal roots al = a1 = - fM/lhc, equation (9) indi- 

cates that the motion is possible only for constant A = - fM/2hc if 

h < 0; if, however, h > 0 then the motion is possible either for the 

same constant A or for any A, the latter case again yielding unlimited 

orbits. 

3) Let the roots of q(A) be complex; then for h > 0 the motion is 

possible for any A (unlimited orbits), while for h < 0 the motion is im- 

possible. 

In the case h = 0, the equation for A is of the form 

( ) $- 2 = 2 (1 + A*) (pg J” + CI) 

The motion is possible for h = 0 if A > - c2c3/fM (unlimited orbits). 

And so it is clear already from the analysis of the equations for A that 

for h >O the orbits in the limited space can occur only in the case of 

(2). It will hp shown below that for h > 0 all orbits are unlimited. We 

pass to the analysis of the equations for p. 

1. The roots of the polynomial Y(P) 

are real and different; for h > 0 we have P < ps or v > PI, 

pz < 0, i.e. - 1 < p < p1 < 0 < 1, and it follows from pB < 

- 1 < p1 < PI < ).I < 1, i.e. there must be 

but then 

PI that 

Since h > 0 for the variation of h only in the case of (2) (A = 

- fM/2hc), then it follows from (9) that 
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These inequalities contradict (6)) i.e. for h > 0 in the case of (1) 
variation of u the motion is impossible. For h < 0 there can be two 

variants 

(4 ~-- 1 <: p c-i. 1 (If% I> 1, IS2 I> 1) 
(b) fiz <It ‘fiI (IB1l<~,IBzl<1) 

2. The roots of the polynomial ly(~) are equal p) = PO = fM/ahc, i.e. 

(10) 

We note that this case is not compatible with the case (2) for 2 in 

which 

c2c2 
--_=o 

h (11) 

Thus. for h < 0 there remains the case 

The combination of the case (2) with the case (b) is also impossible 

since the condition Ip,\ < 1 and (11) yields 

which contradicts (6). The following regions of possible motions result 

from this analysis: 

Figures 1 to 4 show the centers of the ellipses and hyperbolas dis- 

placed to the south by a small quantity CU. 

We will show that in the cases of (lb) and (lc) the trajectories are 

such that there will inevitab1.y result a collision with the earth. 

According to a theorem”by Witt lc2c2/hl = lp,l Ip2/ ( 1 but since 

h < 0 then c2c2/h > 0 for c2 < 0 and c2c2/h < 0 for c2 > 0. We have 

since 
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Elliptic orbits. For elliptic orbits A = - fM/Zhc. Using the tables 

of [31 one can obtain the following expression for P: 

1 - fh -I- 281 cn 10 (z - %I), kl f (1 f f&) dn IO (r - to), k] 

‘= Pl--+fcn[o(r--z,),k]+(l$~,)~in[o(t--t,),k] -‘(‘) 

0 = v--- 2k (1 + PI) (1 - Pa) , 2 (PI - B2) _~_ 
r ka =. (1 + PI) (i - f3J 

Then the coordinates x and I will be determined from the expressions 

2 = a 1/l - sa (?), a=c-jf~+($&)‘, z=ca+bS(t), b=-jflCi/Zhc 

Here a and b are major and minor semi-axes of the ellipse. The time 

dependence Is found from the equation 

The motion along the elliptic orbit 1s periodic In 7 with the period 

4K/o where K Is the complete elliptic Integral of the first kind with 

modulus k. The period of motion In t 1s found from (12). 

The stability of these orbits with respect to the semi-axes and the 

eccentricity of the ellipse has been proved in [41. 

The notion in the el I iptic band. Here a2 d A <a, and - 1 % ~1 < 1. 

The quantity p Is computed In the same way as for the case of the 

elliptic orbit. The following expressions [2,31 are obtained for A: 

.4 + Ben [ol (t - to), k,] - 
A = C + D cn [ol (T - xJ, k,] 

-- -- 
A -ua,vl +a,*$a,Jb +aZa, 

~- -- 
C=~l+a,z+~~l y-azZ 

The quantities x and z are computed from formulas (5). 

The author is grateful 

comments and criticism. 

to V. V. Rumiantser and E.P. Aksenov for their 



V.G. Degt iarev 

Fig. 1. Fig. 2. 

Fig. 3. Fig. 4. 

for at least 1 fM/Shcl > 1 (for ) fMj2hcl < 1 the Inequality I a21 < I is 
obvious). But then 

And so Ia2 I < 30, i.e. one of the ellipses goes through the earth 

resulting in a certain 

In the case of (lc) 

collision with the earth (ballistic orbits). 

we have, respectively 

I.e. the 

ThUS, 

(2a) and 
cases of 

orbit is again ballistic. 

among the satellite polar orbits, only polar elliptic orbits 

the trajectories In the elliptic band (la) are possible. In the 

(lb) and (lc) the orbits will be ballistic. 
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